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ON THE TRANSFORMATION OF THE BOUNDARY 
IN THE CASE OF CONFORMAL MAPPING. 


BY PROFESSOR W. F. OSGOOD. 
(Read before the American Mathematical Society, December 30, 1902.) 


THE theorem that the interior of any simply connected region 
may be mapped in a one-to-one manner and conformally on the 
interior of a circle was stated by Riemann in his doctor’s dis- 
sertation and was proved by Schwarz and Neumann for the 
case that the boundary consists of a curve subject to certain 
restrictions. In the first volume of the Transactions* I ex- 
tended this theorem to the most general simply connected plane 
region. The generalization is remarkable in that the boundary 
of such a region need not be a curve, but may be a set of points 
some of which can not be approached along any curve lying 
wholly in the region. An extension of the definition of a 
simply connected region is here obviously necessary. Such a 
definition may be laid down as follows: By a simply connected 
region of a plane is meant a continuum such that the whole in- 
terior of any closed Jordan curve drawn in the region lies in 
the region. By a “Jordan curve” is meant a continuous curve 
without multiple points. 

The further question presents itself as to whether boundary 
points of the region are carried over continuously into points of 
the circumference of the circle. This question I am able to 
answer by means of the following theorems. The given simply 
connected region is denoted by S and it is mapped conformally 
on the interior of the circle ©. 


can be approached along a curve C' lying wholly in 8. Then the 
image of C in © is a curve © abutting on a single point & of the 
circumference of S ; 80 that, if the point P approaches A along 
C, the image B of P in S will approach & along ©. 
THEOREM II. Le C’ be a second curve of S also leading to 
A, but meeting C only in the initial point of C and in the point 


*On the existence of the Green’s function for the most general simply con- 
nected plane region,’’ Transactions Amer. Math. Soc., vol. 1 (1900), p. 310. 
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A. hen the image of C’ in S will be a curve ©’ abutting on a 
point X' of the circumference of S. The necessary and sufficient 
condition that X’ coincide with YU is that the closed curve consisting 
of the two arcs C, C’ may be drawn together continuously to the 
point A without passing out of the region S ; in other words, that 
this closed curve shall contain in its interior only points of S. 

Note that S consists exclusively of interior points, the boun- 
dary not being counted as belonging to the region. 


THeEorReEM III. If A, A’ are two distinct points of the boun- 
dary of S which can be approached along a curve C or C’ respec- 
tively, then the corresponding points U, X' on the circumference 
of S will be distinct. 


THEOREM IV. Let B be a point of the boundary of S, such 
that a set of points Q,, Q,, --- can be chosen in § which have B 
as their sole limiting point : 

= B; 

but through which no curve can be passed, lying wholly in S and 
such that a point P describing this curve will approach B as its 
limit. Suppose furthermore that a curve D can be drawn in S 
passing through the points Q, and having but one limiting point 
A on the boundary of S which can be approached along a curve 
C, cutting D in every neighborhood of A. Then if the point P 
describe D, the image % of P in S will approach the point X of 
the boundary of S which corresponds to A. 


THEOREM V. In particular, le S be a region having no 
houndary points of the kind B considered in Theorem IV. Then 
to each point of the circumference of S will correspond a single 
point of the boundary of Sin this sense that if a point % approach 
a point U of this circumference along a curve of S, the image P 
of % in S will approach a point A of the boundary of S, and 
A will be the same point for all curves of S leading toY. But 
to distinct points A, A’ may correspond the same point A. 

The boundary of S in this case consists of a curve whose coér- 
dinates may be represented as single valued continuous functions 


of a parameter t 

y=9), 
where t may be chosen as the are of the circumference of SG, and 
(6), (6) are periodic with the length of the circumference of S as 


period. 


— 


1903.] | THE BOUNDARY IN CONFORMAL MAPPING. 235 


If furthermore it is impossible to draw a Jordan curve all of 
whose points but one lie in S and which contains in its interior 
points of the boundary of S, then the boundary points of S will 


form a Jordan curve. 


The result stated in the latter part of this theorem was recently 
published by Schoenflies.* In the general case the boundary 
may be considered as forming a generalization of the Jordan 
eurve ; for, although the boundary may pass through a given 
point more than once, it does not cut itself, and it forms the 
boundary of a simply connected region. 

The method on which the proof of these theorems rests was 
suggested by physical evidence. The conformal map of S on S 
is effected by the Green’s function g of the region S, with pole 
at O, the existence of g having been established in my former 
paper (/.c.). This function may be interpreted in the well- 
known manner as the temperature in a certain flow of heat or 
as the potential in the analogous flow of electricity, the source 
being at O. The function A conjugate to g can be employed to 
measure the flux across a given curve; in fact, if c denote an 
are drawn in S, the flux across ¢ is proportional to the differ- 
ence in the values of A at the extremities of c. I was led to 
the theorems stated above through the following 


PuysicaL Law.—Let a fixed circle be drawn in 8 with O as 
centre. Let c be an open curve of length | drawn in 8, but lying 
outside the fixed circle. Let the maximum numerical value of the 
flux across ¢ (or the upper limit, in case no maximum exists), 
when ¢ assumes all possible forms and positions, be denoted by 


Then 
J = 0. 


A rigorous proof of this law may be given by means of the 
theory of the logarithmic potential function, and proofs of all 
the theorems here stated will appear later. 


Harvarp UNIvErsity, CAMBRIDGE, 
17 December, 1902. 


* “Ueber einen grundlegenden Satz der Analysis situs,’’ Gottinger Nachrich- 
ten, 1902, Heft 2. 


— 
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ON THE QUINTIC SCROLL HAVING THREE 
DOUBLE CONICS. 


BY DR. VIRGIL SNYDER. 
(Read before the American Mathematical Society, October 25, 1902.) 


In his paper on quintic scrolls,* Professor Schwarz men- 
tioned that such a scroll exists having three double conics (type 
IX of those of genus 0). It is now proposed to derive the 
equation of this surface and to study some of its properties. 

A scroll having two double conics will in general be of order 
8 and genus 1. In order to generate a quintic scroll the con- 
ics must therefore intersect in two points, one of which is a 
simple self-corresponding point of the (2, 2) correspondence 
between the points of the two conics, and the other must be a 
double self-corresponding point. Hence every such quintic 
scroll must be unicursal. Let the equations of the two conics be 

a: 


z=0, 2—yw=0; 
z=0, 2—yw=0, 


respectively. The points of each may be expressed parametri- 
cally thus : 


2z=0, z=p, w=1. 
The equations of a generator which joins the variable point > 


to the variable point 4 may be written 
(1) po+rz—Apw=0, Ar—y+pz2=0. 


The line (1) will generate a unicursal quintic scroll having ¢,,c, 
for double conics when A, » are connected by a relation of the 
form described. Since the complete double curve of a unicur- 
sal quintic is of order 6 it follows that the residual curve is of 
order 2. Double generators are impossible since the double 
element in the (2, 2) correspondence is self-corresponding. 


* Ueber die geradlinigen Flachen fiinften Grades, Crelle’s Journal, vol. 67. 
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Two rectilinear directrices can not exist on a scroll having 
other nodal curves ; hence the residual nodal curve is a conic ¢,. 
Since a similar correspondence exists between the new conic 
and each of the given ones, it follows that the three conics must 

through one common point. No scroll can exist having 
three double conics which intersect in three distinct pairs of 
points. 


§ 1. Three Double Conics Having One Common Point. 


Let (0, 0, 0, 1) be the point common to the three conics. 
Let c, intersect c, in (a, a’, 0, 1), and ¢, intersect c, in 
(0, ¥, 1). 


The conic ¢, lies in the plane 
(2) ax —y + 0, 


and may be expressed as the intersection of (2) and the most 
general quadric passing through the three given points. The 
values of «:y:z:w as determined from (1) and (2) are now to 
be substituted in the equation of the quadric. The result is 
the desired (2, 2) correspondence between A, w. Finally, the 
result of eliminating A, » between this equation and those of a 
generator is the desired equation of the surface. 
The correspondence is of the form 


(3) we + + + — a{e + 1)/A=—0. 


It has a double element at (co, o ) and a simple self-correspond- 
ing element at (0, 0), hence the point common to all three conics 
cannot be a double point. Similarly, the point a is a double 
point in the correspondence between ¢, and ¢,, and ¥ is a double 
point in the correspondence between c, andc,. Since the plane 
of each double conic must contain one generator it follows that 
three generators pass through the point (0, 0, 0, 1). The 
equations of these generators are 


+7); 

y=0, ax+yz=0; 

z=0, y=(a« + ab. 
When « = 1 they all lie in the plane 


= (aK + ale + (ye + 
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The residual curve in the plane of the three generators is a 
conic * ¢, ; it does not pass through the triple point. This is the 
only simple conic which can lie on the surface. 

Moreover, the scroll is contained in a linear complex and has 
one algebraic asymptotic line of order 8. If in addition m = 0, 
the complex becomes special and the simple conic breaks up 
into a simple directrix and a generator. Every plane through 
the directrix will cut four generators from the surface. The 
directrix does not intersect any of the double conics, hence the 
three points in which the three generators from (0, 0, 0, 1) 
meet the conics again are collinear. The scroll can now be 
generated by a particular (1, 2) correspondence between the 
points of the conic and the straight line. 

The equations of the directrix are 


w=0, y= 2axr + 22, 


and the fourth generator in the plane y = 2ar + 2rz is defined 
by 

yx + az = 
This generator connects the three points in which the genera- 
tors through (0, 0,0, 1) cut the double conics again. The 
special asymptotic line of order 8 is now degraded into the di- 
rectrix of the complex. 

When a unicursal quintic scroll has a double conic the resi- 
dual nodal curve is in general a twisted quartic with two ap- 
parent double points. In general a straight line and a quartic 
having two apparent double points will determine a scroll of 
order 8 by the condition that each generator is to cut the line 
once and the quartic twice. The straight line is a double line 
on the surface and the quartic curve isa triple line. When the 
surface is reducible and one factor is a quintic having the line as 
simple directrix and the quartic for double curve, the other com- 
ponent is a cubic having the straight line and the quartic as 
simple directrices. 

Professor Schwarz remarks that the same thing happens if 
the quartic be replaced by two conics which have two points of 
intersection. But such is not the case. Let ¢,, c, be the conics 
and / the line. Let ¢,, c, intersect in W = (0, 0, 0, 1) and in 
Y= (0,1, 0,0). The scroll determined by the common se- 


* Mr.C. H.Sisam has recently proved that a simple conic lies on the gen- 
eral scroll. Its plane does not pass through the triple point. 
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cants of two conics and a line is of order 8, less 1 for each 
point in which the conics intersect, since the pencils W/, Y/ be- 
long to the system. Our scroll is therefore of order 6 and 
genus 1, having ¢,, c,,/ for double lines. The residual nodal 
curve is a twisted cubic which is met once by each generator. 

If, however, the line / lies in one of the common tangent 
planes of the two conics the surface will be of order 5, as may 
be shown as follows: A generator (1) will cut the line 


Atz+By+Cz+Dw=0, Byt+Cz+ Dw=0 


+ + ---+ ACD) + = 0. 

This is in general a (2, 2) correspondence of genus 1 with two 
simple self-corresponding elements at the points of intersection 
of the conics. If the scroll is to be a quintic, one of these 
points must be a double element. This condition requires 
either that the coefficients of Ay? and A2y shall vanish, or that 
the coefficients of % and yw shall vanish. In the first case the 
line Z lies in the plane w = 0, and in the second case / lies in 
the plane y= 0. But these are the common tangent planes o. 
c, and c, at W, Y. It can easily be verified independently that 
when «=1 and m=O the tangent planes of c, and ¢, in 
(0, 1, 0, 0), the tangent plane of c, and ¢, in (0, a, a, 1), and 
the tangent plane of c, and ¢, in (7, ’, 0, 1) all pass through 
the simple directrix. 

The only case in which a straight line and two conics which 
intersect in two points can define a cubic scroll is when the 
(2, 2) correspondence is factorable, for such a surface is deter- 
mined by a (1, 1) correspondence between a line and a conic. 
For example, the conics ¢,, c, and the line y= 0,2+z2=w 
define a reducible (2, 2) correspondence between A, » and all 
lie on the same cubic scroll. 

The equation of our quintic, obtained by eliminating A, w 
between (1) and (3), may be written 


yt+ne le—ny 0 

0 ytne Key+myz+n2 lze—Ky 

w 1 x 0 ys 
0 x yw x 


in which / = y(« + 1), n= — a(« + 1). 


if 
| 
| 
| 
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For the equation of the second surface, having a linear 
directrix, put «= 1, m= 0. 


§ 2. Three Double Conics Having Two Common Points. 


Now consider the case in which the third double conic passes 
through both points of intersection of c,, c,. Let 


v= pz 
be the equation of its plane. The equation of the general 
conic lying in this plane and passing through (0, 0, 0, 1), 
(0, 1, 0, 0) may be written 
Az? + Bzy + Cyw + Daw =0, 
from which the (2, 2) correspondence becomes 


BN yup + 1) + + (A+ + 
+ pDp + Dr=0. 


In order that the correspondence have a double element at one 
point of intersection of the two conics, and a simple self cor- 
responding element at the other, either B= 0orD=0. This 
requires that the third conic must touch the common tangent 
plane of ¢,, ¢, at one of their points of intersection. Let 
B=0. Then the new conic touches the plane w= 0 at 
(0, 1, 0, 0). 
The reduced form of the correspondence now becomes 


and the analytic procedure is identical with that of the preced- 
ing case. 
The generators which lie in the planes of the three double 

conics are respectively 

z=0, y+lz=0; 

y=0, z—p=0; 

z=0, y+n'x=0; 
since «= 1 they cannot lie in one plane. The scroll also 
contains a simple conic which cuts each of the double conics 


once. The lines which cut three conics related like ¢, ¢, 
and the simple conic will in general generate a scroll of order 
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8. If one scroll be of order 5, the other will be a cubic and 
not another quintic, as stated by Schwarz. 

In this case the surface does not belong to a linear complex ; 
in particular, therefore, when a quintic scroll has three coaxial 
double conics it cannot have a rectilinear directrix. 


§ 3. Two Double Conics Touching Each Other. 


Any two conics which touch each other but which lie in dif- 
ferent planes may be expressed by the equations 


z=0, 
yY—wz=0. 
In parametric representation these become 
2=0, y=r, z=1, 
The equations of the line joining A to yw are 
pot+rAz—y=0, 


The most general (2, 2) relation between A, » which will define 
a quintic scroll is given by 


+ fe — mM f+g9)+h=0. 
The surface has a third double conic c, defined by 
y=0, haz+ —few=0. 
The equation of the surface may be written 
—2yz y—we 0 
0 —2yz — wr 


0. 


The common tangent to ci, c, is a generator. The generator 
in the plane y=Oisz+z=0. The curve of section made 
by the plane z + z= 0 is 


2y*[(f + 9) + wz) + 2e{hz — = 0; 
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hence the line y=0,x-+2=0 is a torsal generator and 
x + z= 0 is the torsal plane. The simple conic passes through 
the point of intersection of the three double conics and touches 
the generator z = 0, y= 0. 

If f+g=0 the conic will be factorable. The rectilinear 
directrix is 


r+z=0, hze—fow=0. 


If the simple conic be required to intersect c; in a second 
point, the former must break up. 

When the scroll belongs to a linear complex, the complex 
must be special. A quintic scroll which has three double 
conics which touch the same line at the same point, does not 
exist. 

Every quintic scroll having three double conics contains either a 
simple conic or a simple directrix. If in the former case the planes 
of all four conics pass through the same point, then the plane of 
the simple conic contains three generators passing through that 
point. 


CorRNELL UNIVERSITY, 
October 10, 1902. 


SURFACES REFERRED TO THEIR LINES OF 
LENGTH ZERO. 


BY DR. L. P. EISENHART. 
(Read before the American Mathematical Society, October 25, 1902.) 


ConsIDER a surface S referred to a general system of para- 
metric lines, u = const., v= const. Denote by 2, y, z, the car- 
tesian coérdinates of a point on S and X, Y, Z, the direction 
cosines of the normal to the surface. As usual, we put 


ox \? Ox Ox Ox \? 
and 

Ox Ox Ox 
(2) D= DV D=VXxX55, =U 


udv’ 
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When the parameter curves are the lines of length zero, 


E=G=0, 
and the Codazzi equations * reduce to the simple forms 
oD 
(3) 
oD” 


The expression for the mean curvature ¢ becomes 


D’ 
(4) (5 +5) F 


From (3) it follows that when S is a surface of constant 
mean curvature, D is a function of u alone and D” of v alone. 
Conversely, when this condition is satisfied, either D’ = 0 or 
D’ Fis constant. In either case the mean curvature is con- 
stant; in the former, S is a minimal surface. Hence 

THEOREM I. Surfaces of constant mean curvature are char- 
acterized by the property that, when the parametric lines are of 
length zero, D is a function of u alone and D” of v alone. 

When any surface is referred to its lines of length zero, the 
directions of the lines of curvature are given by the equation ¢ 


(5) Ddu? — D'dv? = 0 


In consequence of the above results we have 

THeEoREM II. The lines of curvature on a surface of con- 
stant mean curvature are given by quadratures when the surface 
is referred to its lines of curvature. 

By Bonnet’s theorem § we know that there is associated with 
every surface of constant mean curvature, different from zero, 
a parallel surface of constant total curvature and conversely. 
Moreover, it can be seen from the general relations || which 


* Bianchi, Lezioni, p. 91. 
[bid., p. 1 

Ibid., p. 99. 

3 Darboux, Levons, vol. 3., 

|| Knoblauch, Finleitung in die an Theorie der krummen Fliachen, 
234-6. 


244 SURFACES ‘REFERRED TO ZERO LINES. [Feb., 


obtain between the fundamental coefficients of a surface and its 
parallel that lines of length zero and lines of curvature upon a 
surface of constant mean curvature correspond to asymptotic 
lines and lines of curvature respectively upon the parallel sur- 
face of constant total curvature. Hence 

THEoREM III. The lines of curvature on a surface of con- 
stant total curvature are given by quadratures, when the surface is 
referred to its asymptotic lines. 

Theorem IT is not restricted to surfaces of constant mean 
curvature, but, as we shall see, is true of all isothermic surfaces. 
Let S be an isothermic surface ; then its linear element can be 
brought to the form 


(6) ds? = (du? + dv’), 


where A is a function of u, and v,, and the curves u, = const., 
v, = const. are the lines of curvature. Now the lines of length 
zero are given by 

du* + dv? = 0, 
that is, 
(7) U, +i, =2u, u,— iv, = 20, 
where u and v are the parameters of the lines of length zero. 


From (7) it follows that, if the surface is referred to lines of 
length zero, the equation of the lines of curvature is 


du? — dv? = 0, 
and for a general choice of parameters this would be 
Udu? — Vdv? = 0, 


where U is a function of u alone and V is a function of v 
alone. Comparing this equation with equation (5) we get 


(8) 

Hence 

THEOREM IV. When an isothermic surface is referred to its 
lines of length zero, the lines of curvature are given by quadratures. 

And conversely 

THEOREM V. When a surface is referred to its lines of length 
zero and the condition (8) is satisfied, the surface is isothermic. 
In consequence of the preceding results the equation whose 
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solution gives all surfaces of constant mean curvature can be 
reduced to a simple form. By a suitable choice of parameters 
we have D = D” = 1, and there is no loss in assuming that 
the square of the mean curvature is unity. When these values 
are substituted in the Gauss equation,* it reduces to 


1@logF 1 1 
If we put log F = @, this equation becomes 


When a solution of this equation is known, all of the funda- 
mental coefficients of the surface are given. 
Princeton, N. J., 


September 20, 1902. 


SUPPLEMENTARY NOTE ON THE CALCULUS 
OF VARIATIONS. 


BY DR. E. BR. HEDRICK. 


In a recent paper in the BULLETIN,{ the present writer 


stated the theorem: “The condition &f/dy > 0 for all z, y 
on the curve C, and for all y’ considered, is a sufficient con- 
dition for a minimum” (of the integral Sf S(, y, y’)dz along the 
curve C), provided that certain preliminary requirements are 
satisfied. This theorem stands in apparent contradiction with 
an example given by Professor Bolza ;{ and while the contra- 
diction is only apparent, it seems fitting to point out clearly the 
actual agreement of my results with those of Professor Bolza. 

In the article mentioned I have required (page 11) that 


the integral f I(x, y, y’)dx, shall be considered only in a region 
R (of the 2, y, y’ space), such that the integrand f(z, y, y’) is 


* Bianchi, l. ¢., p. 67. 
t ‘‘On the sufficient conditions in the calculus of variations,’”? BULLETIN, 
vol. 9 (2), no. 1 (Oct., 1902), p. 15. 
t ‘‘ Some instructive in the calculus of variations,” BULLETIN, 
vol. 9 (2), no. 1 (Oct., 1902), Example II, p. 9. 
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analytic at each point of R, i. e., for all sets of values of 2, y, 
y' in R. A region is here a closed manifold of points, i. ¢., it 
possesses a boundary, so that a point upon the boundary of R 
belongs to the region. Hence for the reasoning throughout it 
is necessary to choose such a region Rk. It is true that this 
restriction is by no means necessary for most of the results of 
the paper, but without it some of the proofs, and in particular 
the above theorem, would have to be modified. It is to be 
noticed, however, that we may choose an unbounded region R, 
(i. e.,exclusive of the boundary) provided R, lies wholly within 
a region & such as is required above, and that all the results of 
the paper hold when the given integral is considered only for 
points inside of R,, or in particular inside of R itself. In other 
words, the results given hold in any region (inclusive or exclu- 
sive of the boundary) provided the points for which the inte- 
grand f(a, y, y’) is not analytic be excluded from the region 
(i. ¢., from its interior and from its boundary). 

In Professor Bolza’s example, I would then, for the pur- 
poses of my paper, first choose as my region F the region 


R: fpf =A; SA. 


Any positive number A having been chosen for the example 
once for all, the investigation of minima depends on our ability 
to find, secondly, a value for 5 so small that the supposed solu- 
tion renders the integral value less than along any other curve 
for which 


|\n(a)| < 6, =2=2,. 


It is seen at once that any order of choice of these quantities 
A and 8 corresponds exactly to the same order of choice of the 
h and k of Professor Bolza’s article, respectively ; whereas the 
order of choice necessary for the considerations of my paper is 
exactly opposite to that made by Professor Bolza. For, from 
my standpoint, & cannot be first chosen and then kept fixed 
while h (secondly) approaches zero, as is necessary for Professor 
Bolza’s argument. A choice of h after k has been chosen and 
fixed, necessitates a choice of A= k/h. This I would regard 
as the first step, after which I would have & at my disposal, 
which would necessitate a re-choice of k, if 5 be chosen less than 
k. It readily follows that, from my standpoint, the conclusion 
AI <0 cannot be drawn, and that the X axis actually renders 
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the integral in question a strong minimum,* in the above region 
R, i. ¢., in any region of values of z, y, y’ from the interior 
and boundary of which the values x= ©, y= ©, y’ = © are 
excluded. Accordingly the example cited, as also Professor 
Bolza’s theorem at the top of page 9, are perfectly reconcilable 
with my theorem quoted above. 

The integrand in question is discontinuous for infinite values 
of either x or y or y’, and in fact becomes infinite to the second 
order for y’=co. It may be pointed out that the same ap- 
parent contradiction will arise in the case of any integral whose 
integrand becomes infinite to the second order for any value of 
y (not necessarily y’ =o) ; but again the contradiction is only 
apparent. It might be questioned whether simple ordinary in- 


tegrals, such as the integral of length, f V1+y"dz, do not 
present similar phenomena, so that the results of my paper 
would be restricted in their application, in all ordinary exam- 
ples, to a closed region (of the x, y, y’ space) in which the inte- 
grand is analytic. Such are indeed the formal requirements of 
the paper. But it may be noted that if the transformed integral 


)e dy, 


where x’ = dz/dy, be analytic for the directions previously ex- 
cluded (y’ =a, x’ = 1/a), then the whole reasoning applies to 
the comparison curves previously excluded, by a simple proc- 
ess of transformation and subdivision of the curve; at-least pro- 
vided that the comparison curves in question satisfy the simple 
requirement of not being parallel to each axis an infinite num- 
ber of times in any interval. 

And further, the requirement made on page 11 is by no 
means necessary for the proof of most of the theorems. In 
view, however, of the aims of the article, it was deemed advis- 
able to include this restriction, in order to simplify the proofs, 
and in order to arrive at the theorem mentioned above without 
too extended a discussion of possible alternate restrictions. 

E. R. HEpRIckK. 


SHEFFIELD ScIENTIFIC SCHOOL, 
November, 1902. 


* The distinction between strong and weak minima holds as usual because 
the slope restriction |y’| =A was made before any particular extremal was 
found, and does not regard any particular extremal. 
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THE SYNTHETIC TREATMENT OF CONICS 
AT THE PRESENT TIME. 


BY DR. E. B. WILSON. 
( Read before the American Mathematical Society, December 29, 1902.) 


In the August-September number of the Jahresbericht der 
Deutschen Mathematiker-Vereinigung for the year 1902 Pro- 
fessor Reye has printed an address, delivered on entering 
upon the rectorship of the university at Strassburg, on “ Syn- 
thetic geometry in ancient and modern times,” in which he 
sketches in a general manner, as the nature of his audience 
necessitated, the differences between the methods and points of 
view in vogue in geometry some two thousand years ago and 
at the present day. The range of the present essay is by no 
means so extended. It covers merely the different methods 
which are available at the present time for the development of 
the elements of synthetic geometry —that is the theory of the 
conic sections and its relation to poles and polars. 

There is one method of treatment which was much in use, 
the world over, half a century ago. At the present time this 
method is perhaps best represented by Cremona’s Projective 
Geometry, translated into English by Leudesdorfand published 
by the Oxford University Press, or by Russell’s Pure Geom- 
etry from the same press. This treatment depends essentially 
upon the conception and numerical measure of the double or 
cross ratio. It starts from the knowledge the student already 
possesses of Euclid’s Elements. This was the method of Cre- 
mona, of Steiner, and of Chasles, as set forth in their books. 
That was fifty years ago. 

In the year 1866 Professor Reye, mixing with a bold and 
somewhat original hand the newest ideas of von Staudt with 
those of Steiner and Poncelet, older and better known, pub- 
lished his Geometrie der Lage which owing to its incomparably 
clear and pedagogic style has been the mainstay of synthetic 
projective geometry these many years, slowly displacing the 
method of Cremona, and somewhat obscuring the elegance of 
von Staudt’s. 

At present, to judge from the text-books upon the market 
and the announcements of courses in the universities, the Ital- 
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ians have not only forsaken Cremona but are persistently edging 
by Reye toward the long neglected von Staudt ; the Germans, 
pulled with almost equal forces backward by Steiner and for- 
ward by von Staudt, still cling to the intermediate, Reye. In 
France, where no one studies that which there is not some one 
great genius to teach, synthetic geometry in its higher aspects 
has seemingly perished by the way with Chasles—for what 
was it to Hermite and Bertrand or is it now to Darboux and 
Picard? In England and America Cremona is still much fol- 
lowed, and when not Cremona, then Reye. 

In view of these facts, no more will be said of the metric, 
cross ratio method of developing synthetic geometry. That 
method caught its fatal chill when von Staudt published his 
book in 1847. It has been shaking ever since. Some day it 
will die. Not long hence even the fondest of us must recognize 
it as quite a thing of the past. 

The newer methods are all founded ultimately upon the 
work of von Staudt, the essential part of which appeared in 
1847 as has been mentioned, although the addition of three 
supplements stretched across the following thirteen years. 
These methods are more powerful and beautiful because they 
deal more directly with the ideas necessarily involved in syn- 
thetic projective geometry. They are more natural and satis- 
factory from a purely geometric standpoint. They are more 
compact and at the same time they are more far-reaching. In 
point of fact they are all nothing but variations on von 
Staudt’s original, acconding as it is more or less fully adhered 
to, according as a less or a greater amount of the earlier methods 
are interwoven with it. 

The chief variations, those which we shall discuss here, are 
three. We shall designate them as follows : 

1° The extreme, which may be seen expounded in Reye’s 
“Geometrie der Lage,” 4th edition, volume I, Leipzig, or in 
Holgate’s translation, New York. 

2° The intermediate of which an excellent and elementary 
exposition is given in Béger’s “Ebene Geometrie der Lage,” 
Leipzig, or combined with the geometry of space in Sannia’s 
“Geometria proiettiva,”’ Naples. 

3° The slight variation, or none at all, such as is presented 
in Enriques’s most excellent “Geometria proiettiva,” Bologna, 
or to a much less extent in a paper in the Annals of Mathe- 
matics, second series, volume 2, by Miss C. A. Scott. 
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By a glance at the books mentioned, these three methods 
may be seen to have in common a certain considerable number 
of elementary ideas and theorems ; namely, the law of duality, 
the theorem of Desargues, the construction of harmonic ele- 
ments, the theory of the projective relations between the points 
in two ranges or in the same, range counted twice. These are 
explained perhaps most simply and succinctly by Béger. To 
them may be added, if desired, the elements of the theory of 
collineations and correlations between the points and lines of 
two planes or of the same plane counted twice. 

From this point on, the three methods diverge. In the first 
a conic is defined as the locus of the intersection of correspond- 
ing rays in two projective, but not perspective, pencils. The 
usual theorems concerning inscribed and circumscribed quadri- 
laterals, Pascal’s and Brianchon’s theorems, and so forth, are 
then proved. The polar of a point with respect to a conic is 
defined by means of the well known harmonic property. The 
theory of poles and polars follows, completing the usual ele- 
ments of conic sections from the synthetic standpoint. 

The advantages of this method, the reasons why it holds its 
popularity so easily, are not hard to see. The processes seem di- 
rect. The construction ofa conic is a pretty problem, a pretty ex- 
ercise in draughting, for the student. (It is however by no means 
so pretty a problem to prove that a conic is independent of the 
two particular points upon it which may have been chosen as 
the vertices of the defining projective pencils.) A ruler and pen- 
cil are real, tangible things which are good for the student to use 
constantly. Moreover the idea of polar, introduced by means 
of the harmonic property, is easily grasped. The thing itself 
is easily constructed. 

But there are disadvantages, too, of which one is that if the 
pole be outside the conic the construction for the polar yields 
only a segment of a line, only the part of the polar inside the 
conic. This is inconvenient. It introduces a sort of lack of 
symmetry which sticks out awkwardly in some proofs unless, 
drawing on the analogy furnished from analytic geometry, we 
make a bold application of the so-called principle of continuity. 
Again there is the awkward lack of symmetry mentioned in the 
parenthesis above. There are other disadvantages which will 
appear when the advantages of the third method are pointed out. 

In the second method the conics are defined asbefore. To 
define the relations of pole and polar, the conception of an 
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involution upon a conic is used. Points A, B,---; A’, B’,--- 
upon a conic are said to be in involution if the relation between 
them is projective in such a manner that if A corresponds to 
A’, then A’ corresponds mutually to A. It is shown that the 
lines which join corresponding points of an involution meet in 
a point P and that tangents drawn at corresponding points 
meet in a line p. The point P and line p are defined as pole 
and polar. 

This method is not much better than the first. It is but a 
timorous intermediate between it and the third. It has nothing 
to recommend it but the drilling of the student in the ideas 
of projectivities and in the special case of involutions. These 
statements must not be construed as in any way detrimental to 
Boger’s book, which is, on the contrary, far from tiresome and 
contains in its later portions a complete presentation of the 
newest ideas in adjoined and resultant involutions and in polar 
fields. In fact the standpoint, except at the commencement, 
is that of the third method of treatment. 

The third method sets about matters in a wholly different 
way. Proceeding from the common ground before mentioned 
it lays great stress on the idea of projective relations hetween 
ranges or pencils and of collinear and correlative relations 
between two planes whether different or coincident. Here as 
in the first method the student may have plenty of use for his 
ruler and pencil. The subject only is different. Here he takes 
four points A, B, C, D and four other points A’, B’, C’, D’ and 
constructs corresponding points P and P’ in the collineations 
thus defined, or he takes four lines a, b, c, d and constructs 
correlative points and lines P and p or inveisely g and Q. 
These exercises are but preliminary. The important case is 
that of a correlation which is involutory, in which if P is cor- 
relative to p, then inversely p is correlative to P. Such an 
involutory correlation is called a polarity. The correlative 
points and lines are the poles and polars of the polarity. 

As yet conics have not been defined. The definition is given 
as follows: The locus of those points in the polarity which lie 
upon their own polars (if such points exist) is a conic. Or the 
envelope of those lines in the polarity which pass through their 
own poles (if such line exist) is a conic. These two definitions 
lead to the same curve. The demonstrations that this curve is 
a conic according to the other definition of methods 1° and 2°, 
that the poles and polars with regard to the polarity are poles 
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and polars with regard to the conic, and all the usual theorems 
concerning conics and poles and polars follow immediately with 
great directness and simplicity. 

The disadvantage which has been attributed especially to 
this method is its difficulty. There certainly is difficulty in the 
method either for the student or for the instructor. If the lat- 
ter is content to follow hard in the footsteps of von Staudt or 
even directly after Enriques or C. A. Scott the student will 
have difficulty. This method has not been so trampled smooth, 
so laid out with problems as the older. But if the instructor 
will only apply himself to obtaining graded exercises for the 
student, if he will be content to go slowly and carefully, he will 
find that in the end he will have covered as much ground as 
easily and comprehensibly to the student, as if he had kept to 
either of the other methods. 

And the advantages, whether on the score of beauty and 
power or on that of the insight afforded to the student into the 
subject of projective geometry, are alike great. For it must 
have been observed that the fundamental difference in the three 
methods is the relative importance in them of the idea of the 
transformation—the projective transformation, whether collinea- 
tion or correlation—and in particular the involutory projective 
transformation. In the first method only so much knowledge 
of transformations is needed as will enable one to associate cor- 
responding rays in two pencils, in the second the elementary 
properties of involutions on a conic are required, in the third 
the important fundamental notions of collineation and correla- 
tion are indispensable. 

For the last thirty years, or to be more precise, since the 
publication of Klein’s Erlangen Programm in 1872, there has 
been no reason why geometers should not recognize distinctly 
—although they have often been slow to do so—that the 
fundamental thing, next to the axiom, is the transformation or 
groups of transformations. In projective plane geometry, 
whether the treatment be analytic or synthetic, the important 
thing is the group of collineations G, plus the correlations I,. 
The conic, a projective conéept in itself, belongs essentially to 
this group and may be treated most appropriately in connection 
with it. Von Staudt’s great achievement was to see this and 
publish it in 1847, a quarter century before the appearance of 
Klein’s Erlangen Programm. It is for the geometers who 
follow him so to arrange his method that it shall be easily acces- 
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sible to students without being changed so essentially as to lose 
its chief vantage points. 

We may note in passing that in other fields than projective 
geometry as much if not greater sloth in adopting the trans- 
formation theory and its benefits is exhibited. How many a 
weary page of Euclid’s elements could be brightened by the in- 
troduction of the theory of displacements in connection with 
polygons and polyhedra and of the theory of inversion in con- 
nection with circles and spheres. How many a useless propo- 
sition could be replaced by one full of promise for future appli- 
cations. 

To return to projective geometry. One advantage of von 
Staudt’s method has been seen to be that it places in evidence the 
importance of the projective group. There is another advantage 
which might at first seem a disadvantage. It is this. The 
conic has been defined subject to its existence. There is a 
large class of polarities which yield noconic. Analytically they 
would yield an imaginary ellipse of the type 


ax? + By? 0. 


But in these polarities a great number of theorems, real in 
every detail, hold just as in polarities which yield a real conic. 
For example, the theorem that the six vertices of two triangles 
self-conjugate in the same polarity lie on a conic is evidently 
real and valid for any sort‘of polarity. So with other theorems. 

It is evident, therefore, that the third method, which in all 
essentials is von Staudt’s, affords a treatment of ‘polarities and 
consequently of conic sections which is independent of the reality 
or non-reality of those conic sections, provided only that the 
polar field defined by them is real. This means that we have 
a synthetic method for treating any conic section which would 
be representable analytically by an equation with real coeffi- 
cients. Not often is a greater generality assumed for analytic 
methods. 

The salient advantages of von Staudt’s method are then 
these: First, insistence on treating projective geometry from 
the standpoint of the projective group. Second, ability to treat 
in a similar manner all conics, real or imaginary, which define 
real polar fields. The disadvantages are a supposed difficulty 
and indirectness. The latter does not exist and the former would 
reduce almost to nothing if half the attention were expended on 
the best method which has been spent on the worse. 
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I say the best method, referring to von Staudt’s. It cer- 
tainly seems at present the best not only of those known, but 
of any which may be invented. For what more or better could 
be expected of any purely synthetic method than that which is 
afforded by the two above mentioned salient advantages of this. 
It seems scarcely possible that any synthetic method should 
treat a more general class of conics or treat them in a more con- 
cise and germane manner. 


Ecote NoRMALE SuPERIEURE, Paris, 
November, 1902. 


BROWN’S LUNAR THEORY. 


An Introductory Treatise on the Iunar Theory. By Ernest 
W. Brown, M.A. Cambridge, Eng., The University Press, 
1896. xvi + 292 pp. 

THE lunar theory, besides containing inherent difficulties of 
a very serious character, involves such a mass of details that it 
is only with a great deal of labor that one can get a satisfac- 
tory idea of it from the original memoirs. The essential rela- 
tions and differences of the various methods are obscured as 
they come from the hands of their authors by the differences in 
the choice of variables and notations. In view of the intrinsic 
value of the subject and of its great importance as the best test 
of the newtonian law, and the fact that advances in it can 
hardly be hoped for from one who is not familiar with what has 
been done in the past, the desirability of a treatise starting at 
the very foundations, pointing out the difficulties which are en- 
countered and the methods which have been used to overcome 
them, and giving the essentials of the most important processes 
employed by the various investigators without including the 
almost endless details, can easily be appreciated. This book 
has evidently been written to fill this need, and it may be said 
at once that Professor Brown has attained a very high degree 
of success. 

The only other book of at all the same character is the third 
volume of Tisserand’s Mécanique céleste, which is devoted to 
the theory of the motion of the moon. Tisserand’s ideal is 
somewhat different, in that he aims to give a fairly complete 
account of all the lunar theories of particular merit which have 
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been developed. Moreover, his third volume is not complete 
in itself, as the results of the first two volumes are used so far 
as they are needed. 

An idea of the contents and arrangement of Professor 
Brown’s treatise can be obtained from the titles of the chapters, 
which are in their order: Force functions, The equations 
of motion, Undisturbed elliptic motion, Form of solution, The 
first approximation, Variation of arbitrary constants, The dis- 
turbing function, De Pontécoulant’s method, The constants 
and their interpretation, The theory of Delaunay, The method 
of Hansen, Method with rectangular codrdinates, The principal 
methods, Planetary and other disturbing influences. In the 
table of contents a complete enumeration of the topics treated 
is given, and this is supplemented by a general index, an index 
of authors, a reference table of notation, a general scheme of 
notation, and a comparative table of notation. From this it is 
seen that the work has been arranged so as to make its reading 
as simple as possible for the beginner, and to make it a valu- 
able reference work for those who may be familiar with the 
subject. 

The care with which the preliminary ground has been gone 
over has put the actual introduction of the perturbations due to 
the sun far along in the book. Thus, the reader finds himself 
compelled to read six chapters before he gets to that which he 
is continually expecting. It might, perhaps, have been better 
to have put the long chapter on the variation of constants 
after the chapters on de Pontécoulant’s method and the con- 
stants and their interpretation. ‘This would have remedied to 
a considerable extent that which in any case is apt to strain the 
patience of the reader. Aside from the possible modification 
just mentioned, the general plan of the book could scarcely be 
improved. 

There are three essentially different types of lunar theory — 
that of de Pontécoulant, that of Delaunay, and that first devel- 
oped by Hill, to which may perhaps be added that of Hansen 
as containing many features of more or less importance different 
from the others. That of de Pontécoulant and most of his pre- 
decessors consists in developing certain codrdinates in periodic 
series of assumed form with the time or true anomaly as argu- 
ment and determining the coefficients step by step as powers of 
the small parameters involved ; that of Delaunay consists in 
applying the method of the variation of parameters in the 
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canonical form over and over in such a way as to remove the 
most important parts of the perturbative function ; that of Hill 
consists in finding very accurate particular solutions of the dif- 
ferential equations after the parts depending on the parallax 
of the sun, the eccentricity of the earth’s orbit, and the lati- 
tude of the moon have been neglected, and then finding the de- 
viations from this orbit due to general initial conditions and the 
neglected part of the perturbative function. The author has 
wisely treated these three types and the method of Hansen in 
detail, and explained the others briefly by their relations to 
them. 

A number of typographical errors have crept in, but this 
could scarcely be avoided in a book involving so many com- 
plicated formulas. Those which have been noticed will cause 
the reader no trouble. There are some other points to be men- 
tioned, having their origin for the most part in the imperfect 
state of the lunar theory from a mathematical standpoint rather 
than in faults of presentation of well-established methods. 
Thus, in the exposition of de Pontécoulant’s method, which is 
somewhat different from the original yet fairly representative 
of methods of this type, the treatment of the constants of in- 
tegration leaves something to be desired. The differential 
equations for motion in the plane of the ecliptic are, if r =1/u 
is the radius of the moon’s orbit and v her longitude, 


1 


— hw? = m?P,(u, v, e’, t). 

a and fh are constants depending on the initial conditions, m is 
the ratio of the mean motion of the sun to that of the moon, 
and e’ is the eccentricity of the earth’s orbit. If the right 
members are neglected, ordinary elliptic motion is obtained. 
In this, u is a periodic series whose coefficients are polynomials 
in the eccentricity of the -moon’s orbit, their structure depend- 
ing uniquely on the form of the differential equations. 

If the codrdinates have the form u =u, + du, v=v, + dv, 
where du and dv are the r-rturbations, it is found after substi- 
tuting in the differential q.. ions that the main part of du is 
defined by the equation 
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1 d% 
+ bu = m? Q(t). 


The general solution of this linear equation consists of two 
parts, the particular integral and the complementary function. 
The period of the complementary function is the same as that 
of the first pericdic term in the elliptic motion. For this 
reason (see pages 50 and 117) the complementary function is 
omitted, or rather is supposed to be included in the elliptic term. 
This is of course allowable since the coefficient of the first 
elliptic term is arbitrary, but it is not evident that the coeffici- 
ents of the higher multiples of the elliptic argument are related 
to this modified coefficient of the first term precisely as they are 
in undisturbed motion. This seems to be assumed tacitly, and 
it is to be regretted that the reason for it is not given if it is 
true. The fact is that there are but six arbitrary constants in 
the solutions of a system of differential equations of the sixth 
order, and it should be clearly shown how all of the constants 
can be expressed in terms of the six which are taken as the 
arbitraries. Some of the statements in Chapter VII might 
lead a careless reader to infer that many constants may be 
taken arbitrarily. It would have been clearer if the statement 
had been made that the constants E+ B+ --- and similar 
combinations should in the final results be set equal to a constant 
e, rather than that any of them should arbitrarily be set equal 
to zero. Such a method would express all of the constants 
in terms of six arbitraries; at the end transformations would 
be made so as to give six coefficients any desired form. This 
is the method clearly carried out by Delaunay. 

Chapter VIII, which is devoted to a discussion of the 
meaning of the constants (that is, the coefficients of the prin- 
cipal terms) and the manner in which they are determined, is 
much to be commended. The treatment of the methods of 
Delaunay and Hansen is also quite satisfactory. 

Chapter XI treats of the methods inaugurated by Hill in 
his celebrated Researches, and of the extensions to the terms 
of higher order which the author has himself carried out in 
numerous important memoirs. It is unfortunately called the 
“ Method with rectangular codrdinates.” In the first place all 
of the earlier methods are named after their respective authors 
and there is mo apparent reason why it should not be done 
here, especially in view of the fact that its whole spirit is 
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radically different from that of any previous method. In the 
second place the title adopted in no fundamental way charac- 
terizes the method. It is true that the differential equations 
are at first written in rectangular codrdinates where the axes 
rotate uniformly ; but before the integration is begun a trans- 
formation is made to complex variables. It is clear that 
the rectangular codrdinates are only incidental and that the 
final equations in the complex variables might be derived with- 
out using them at all. Hill’s first problem was to find very 
exact particular solutions of the chief parts of the differential 
equations, and in doing this he used two important artifices: 
The first was to remove the explicit presence of the time in 
the differential equations by rotating the axes; the second, to 
reduce the differential equations to the bilinear form by the use 
of complex variables in order that the. task of finding the coefii- 
cients of the solutions might not be hopelessly involved. 
There is no trouble in finding the coefficients when the solu- 
tions of differential equations are developed as power series in 
the independent variable, or in parameters, but the general 
problem of finding the coefficients when the solutions are 
Fourier series presents great difficulties. Hill overcame them 
with rare ingenuity in this problem. If it is desired to give 
the method a title which characterizes it the method of the 
variational orbit might be used, but the reviewer suggests as 
being more appropriate that it be called the method of Hill, or 
the Hill-Brown method. 

In developing the particular solutions of the restricted dif- 
ferential equations Brown, and Tisserand also, infer their form 
from the results of the earlier methods in the lunar theory. 
These methods, besides not having been proved to give con- 
vergent series, lead to expressions of the same form for general 
initial conditions. Now the particular solutions found depend 
upon particular initial conditions for their existence. . Hill cor- 
rectly inferred their character, if they exist,-from the form of 
the differential equations ; and he proved their existence by the 
actual construction of certain nearly periodic orbits by me- 
chanical quadratures and an appeal to the analytic continuity 
of curves when considered as functions of the initial values of 
the variables. It seems clear that Brown and Tisserand have 
taken a backward step in this matter, for it is evident that 
assumptions should be introduced as sparingly as possible, and 
that an ideal method is complete in itself. 
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The discussion of the terms which depend upon the ratio of 
the periods of the moon and sun and the first power of the eccen- 
tricity of the moon’s orbit is in excellent shape for one to get 
from it a practical command of the ideas which Hill developed 
in his memoir in the Acta Mathematica. Yet from a theo- 
retical point of view it would have been better to have proved 
the existence of the periodic solutions and their form, or at least 
to have referred to places where such proofs are given, rather 
than to have inferred their existence and character from earlier 
theories. The equations which give these terms are linear and 
non-homogeneous with periodic coefficients and the properties 
of their solutions are now well known. It might also have 
been remarked that there are other methods of finding the co- 
efficients and the constant which determines the part of the 
motion of the moon’s perigee which is of the first order in the 
eccentricity. 

A very interesting phenomenon occurs in the literal expan- 
sions of the coefficients of the variational terms. If the 
expansions are made in powers of m (m equals about ,),), where 
m is the ratio of the mean motion of the sun to that of the 
moon, the series converge very slowly. But if the expan- 
sions are made in powers of m’ where m’ = m/(1 — m/3) 
(therefore m’ = 3, nearly) the series converge with great rapid- 
ity. It is at first astonishing that so slight a change in the 
parameter should have such important results. 

The most important parts of these coefficients come from the 
expansions of (6 — 4m +m’). Hill inquires what value of 
a must be substituted in the equation m’ = m/(1 + am) so that 
the series in m’ shall converge most rapidly. Hill says, and 
Brown repeats the statement, that it is easily found that a must 
be given the value — 34. It is not stated just what is meant 
by rapidity of convergence, but if the remainder after a given 
number of terms is to be a minimum the statement is not per- 
fectly correct, although — 4 is.undoubtedly the most con- 
venient value to give a in the case in hand. If m had a value 
large enough the series would actually converge more slowly 
after the transformation. 

The radius of convergence of the series in m is 6, and in m’, 
when a = — 4,18. Ifmhas such a value that m’ > 3m 
the new series will converge less rapidly than the old. The 
value of a which must be used to secure a minimum for the 
remainder depends upon both the numerical value of m and 
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the number of terms taken. Its value can be determined 
nearly from the formulas for the remainder limited by in- 
equalities. 

Let f(m) = (6 — 4m + m’)™ and ¢(m’) be the same function 
after the substitution m’ = m/(1 + am). Let p represent the true 
radius of convergence of f(m) when expanded as a power series 
in m, and p’ the corresponding radius when ¢(m’) is expanded 
as a power series in m’. Let p, be a real positive number such 
that p,<p. Let M be the maximum value of the function 
J(m) on the circumference of the circle whose radius is p,. As 
m takes all the values on the circumference of this circle m’ 
will take all the values on the circumference of a circle whose 
radius may be represented by p;}. The maximum value of 
¢(m’) on this circumference is also M. Let R,(m’) be the 
remainder of the series in m’ after the: first n terms have been 
taken. Then R,(m’) is limited by the inequality 


R,(m’)< for all |m’| 

Consider now the problem of making R,(m’) a minimum. 
Let p, be taken as the numerical value of m ; hence M is de- 
fined by the given value of m and the form of the function 
j(m), and is a constant with respect to the proposed. transfor- 
mation. Without an absolute minimum being insured because 
of the presence of the inequality, R,(m’) will generally be 
smaller the smaller the fraction (m’/p’)*/(1 — m’/p’) is made. 
This fraction depends upon a as the arbitrary. Let it be rep- 
resented by F(a). The necessary condition for a minimum is 
= 0. In order to compute this derivative, m’ and p’ 
must be expressed in terms of a. From the equation of trans- 
formation m’ = m/(1 + am) and therefore m = m’/(1 — am’) and 


(6 — 4m + m?)" 
= (1 — am’ [6 — 4(1-+ 3a)m’ + (1 + 4a + 6 
The only singularities are poles and it follows at once that 


V6 
V1 + 4a + 6a? 


p 


1903.] BROWN’S LUNAR THEORY. 261 


Now forming the partial derivative, casting out the common 
factors, and clearing of fractions it is found that 


12n(1 + 3a)(1 + am)’ — 6nm(1 + am)(i + 4a + 62”) 
—2V6m(n — 1)(1 + 3a)(1 + am)VY1 + 4a + 60? 
+ V6(n —1)m(1 + 4a + 627)' = 0. 


When m = 0 then a + } = 0 is a simple solution of this equa- 
tion. Therefore a may be represented as a power series of the 
form 

a=—f+am+am+--- 


which converges for sufficiently small values of m. Substitut- 
ing this expression in the preceding equation and equating 
to zero the coefficients of the various powers of m it is found 
that 


whence ¥ 
m  V2n—1)m 


Consequently — } is the limit of the value of a as m approaches 
zero. As m is very small in the lunar theory this value of a 
is very satisfactory, and particularly so as it changes the tri- 
nomial into a binomial. 

To illustrate the matter consider a numerical example with 
a large value of m, saym=3. Then let the remainder be 
considered after three terms are taken, or n—1=3. It fol- 
lows that a = — .318650, m’ = .594760, and (6 — 4m + m’) 
= .235294. Now it is easily found that 


[6 — 4m + = 3(1 + 3m + Rm), 
and when a = — } 
[6 — 4m + m*]-* = + + gym”) + Rim’), 
and when a = — .318650 
[6 — 4m + = 1(1 + 2m’ + .065345m”) + R,(m’). 


_ V%An—1) 
108 4 
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It is found by substituting the numerical values that 


R,(m) = .001498, 
R;(m’) = — .001373, 
= —.001310. 


These few terms are only enough to illustrate the matter. 

The object of a literal expansion of the coefficients is doubt- 
less to enable one to compute them most conveniently for 
various values of the parameter which may arise in practice. 
In the lunar theory, where alone there is any demand for 
extended computations, the parameter m is known with a high 
degree of accuracy. If it were exactly known there would be 
no occasion for these expansions for use in the lunar theory, 
since the power series possess no theoretical advantages over 
the series of fractions either when retained literally or when 
reduced to numbers. 

If the numerical value is given to m on the start the labor 
of computing the coefficients is enormously reduced, but they 
admit of no direct corrections for improved values of the para- 
meter. But if m, represents the approximate value of m 
which is at present known, and if the substitution m = m, + m’ 
be made, a series will be obtained in m’ which will converge 
extremely rapidly because of the smallness of this parameter. 
A very few terms will be sufficient to give the results correctly 
to many decimals for any value of m’ which is apt to appear 
necessary to use. For practical application in the lunar theory 
this preserves all the generality attained in using m and secures 
most of the convenience of using numbers from the start. The 
unfavorable features are that the numerical coefficients can- 
not be expressed as ordinary fractions and the trinomial 
(6 — 4m + m’) remains a trinomial after the transformation. 
However, if the substitution 


is used, the a may be determined so that the trinomial shall 
reduce to a binomial after which the expansion miay be made 
with great ease. For values of m far different from m, the 
series in m’ converge about as rapidly as those in m. 

Chapters XII and XIII, which treat briefly of the principal 
theories other than those considered earlier in the text and of 


m, + m’ 
m= 
1+ am 
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the effects of planetary and other disturbing influences, are 
much to be commended except the paragraph in the center of 
the last page. In this the astonishing statement is made that, 
because the moon’s orbit shrinks as the eccentricity of the 
earth’s orbit decreases, the moon would fall on the earth if the 
earth’s orbit became circular. Obviously a variable may 
always decrease without having zero as its limit, and in this 
cease the incorrectness of the conclusion is quite evident. 

In recapitulation it may be said that Professor Brown has 
written a very satisfactory treatise on the lunar theory, the 
faults being for the most part those which have their origin in 
the inherent, and up to the present unsolved, difficulties of the 
subject. There is no better source of information for one who 
wishes to acquaint himself with this celebrated field of investi- 
gation. F. R. Movutton. 


THE UNIVERSITY OF CHICAGO, 
November, 1902. 


THE DOCTRINE OF INFINITY. 


Die Grundsdtze wnd das Wesen des Unendlichen in der Mathe- 
matik und Philosophie. Von Dr. K. GrEisster. Leipzig, 
Teubner, 1902. 4to, 417 pp. 

THE recent tendency toward critical investigation of the 
axioms underlying mathematical sciences has led to the neces- 
sity of discussing the philosophical basis of the whole mathe- 
matical structure, and it is to be hoped that more attention will 
be given the subject from a purely philosophical standpoint. 

The announcement of a book treating the old stumbling 
block of the infinite from both the mathematical and the phi- 
losophical points of view was therefore of the greatest interest, 
and the character of the book was apparently guaranteed by 
the excellent reputation of the publishers. But the book— 
though not lacking in a certain kind of interest —is in sev- 
eral respects most surprising, and, as we shall see, somewhat 
disappointing. 

The first 296 pages are devoted to mathematical investiga- 
tions, and we shall consider these alone. A great variety of 
topics are treated, such as the parallel axiom, indeterminate 
forms, tangents, limits, derivates, velocity, curvature and many 


264 THE DOCTRINE OF INFINITY. [Feb., 


other problems involving continuity. It is not here proposed to 
discuss these subjects in detail, but to confine ourselves to one 
serious matter, which the author regards as fundamental and 
which certainly affects the whole of his reasoning. This is his 
introduction of certain (fixed) infinitely great and infinitely 
small numbers (or segments in geometry). 

There are two reasons for considering the subject seriously. 
In the first place it is common, in certain elementary treatises 
on the calculus, to introduce such infinitely small quantities and 
to deal with them under the name of “ differentials.” From 
the standpoint of mathematical pedagogy, it is certainly of vital 
importance to discover to what conclusions the introduction of 
such numbers leads, both with regard to the correctness of using 
them at all and with regard to the effect upon the student’s 
conceptions and his mode of thought. Secondly, from the 
point of view of the foundations of mathematics, it is interest- 
ing to investigate the axioms tacitly assumed and to see just 
what axioms (of the usual set) may be retained and what new 
axioms need be added in the logical treatment of such infinitely 
great and infinitely small quantities, capable of assuming fixed 
constant values. 

One of the axioms generally accepted in both arithmetic and 
geometry is that of Archimedes, which may be stated for arith- 
metic as follows: Given any two positive numbers a and b, of 
which 6 is the greater, there exists a certain positive integer n, such 
thiata+a+a-+---(ntimes) > 6b. 

Passing over the first few pages of the book, which are 
intended for very elementary students, we find, on page 35, in 
direct violation of Archimedes’s axiom, the introduction of a 
certain positive (-+ 0) number 4, termed an “infinitely small” 
number, such that 


times) <1 


for any (finite) integer n. And the “ fundamental theorem ” is 
repeatedly stated (e. g., page 141) as follows: “The product of a 
finite quantity and an infinitesimal is always infinitesimal ” ; 
while on page 66 it is stated that “the concept of an infinitesimal 
does not coincide exactly with zero.” * 

These statements explicitly deny the axiom of Archimedes, 
though the author does not mention the fact. Nor will the 


* See also p. 46; and p. 90, where an infinitesmal unit is considered. 
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non-euclidean geometer protest against a geometry in which 
certain usual axioms are expressly violated, provided the fact of 
such violation is constantly kept in mind and no appeal what- 
ever is made to ordinary geometry. In particular, one axiom 
which is at the basis of all considerations of continuity in the 
ordinary sense having been rejected, we naturally expect a 
thorough research of the axioms of continuity which are as- 
sumed to hold. We shall see that the author has unfortunately 
not adhered to such a programme. 

No result of the book can then be accepted, even for a non- 
euclidean, non-archimedean, geometry. But it is interesting to 
note that some of the results obtained are such as actually do 
hold in the non-archimedean geometry actually constructed by 
Hilbert, in his Grundlagen der Geometrie. 

If we consider as our realm of numbers all the rational func- 
tions of a certain parameter t, and define “equality,” “greater 
than,” and “ less than” by the rule f(f)>,=,< 1G) according 
as f(t) — 9(t) >, =, <9 for all sufficiently large positive values 
of t, then all the axioms of arithmetic (see Hilbert, page 26), 
except the axiom of Archimedes, are satisfied.* 

We find, for instance, in the book in hand, on page 62, that 
“a ratio of two infinite [or infinitesimal] numbers of the same 
class is a finite number, * * * and a product of two infinite 
numbers of the same class is not finite, but is infinite [or infini- 
tesimal] of another class.’’ Arrangement into classes might 
be made by the rule that numbers of any one class satisfy, 
among themselves, the axiom of Archimedes. It is then readily 
seen that the above statement holds true in Hilbert’s non-archi- 
medean geometry. The two numbers 


+ + % and omit +% 
.---+5, d¢+d,t'+---+4d, 


are of the same class if m—n=r—s. Their quotient is of 
the class (m — n) — (r — 8) = 0, and is hence “ finite,” i. ¢., in 
the same class with 1; while their product is of class (m — ° n) 
+(r—s) which is neither zero nor equal to (m — n) unless 
m—n=Q. This latter exceptional case corresponds to the 
statement (page 62): ‘The class of finite numbers is that in 
which the product and the ratio of any two numbers of the 
class again belongs to the class” — which holds for positive 


*The form is slightly different from Hilbert’ s. 
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numbers. We are also informed that the choice of which class 
is to be considered finite is not at our disposal. 

On page 177 the author says “the motion of sliding” — 
(presumably continuous motion in euclidean space) “is to be 
thought of not in general, but only for a certain class of seg- 
ments at atime.” The notion expressed practically amounts 
to saying that the complete (non-archimedean) geometry as- 
sumed does not permit of continuous motion in the ordinary 
sense. The author is at great pains elsewhere* to explain 
away the difficulty that a passage from “finite” to ‘‘ infinite” 
[or to “infinitesimal ”] numbers, for instance, can be affected 
neither by a sudden spring, nor yet without such a spring. That 
‘he has violated a fundamental axiom of continuity, and hence 
cannot expect his geometry to be continuous in the ordinary 
sense, is not made clear. 

Again, on page 194, for example, the author is surprised to 
find himself in difficulties with such words as “ continuous,” 
“hole-less,” etc., as applied to space. And he declares that a 
segment (in geometry) or a number (in arithmetic), when added 
to a (greater) second, “does not alter the value of the second 
except when it is of the same class.” And on the next page 
(195): “for this reason and only for this reason we shall be 
correct if we consider in any discussion the numbers (or seg- 
ments) of any one class.” But this is returning to archimedean 
geometry, and relinquishing our previous violation of the archi- 
medean axiom. And, unfortunately for this assertion, numbers 
and segments of different classes are treated in the same discus- 
sion constantly throughout the book (see pages 28, 29, 51, 59, 
77, etc.). 

Finally we find, on page 196, “the limit of a (finite) variable 
x is a region (precisely expressed, a region of finiteness) ; and 
this region is infinitely small, but otherwise arbitrary.” 

Such are, indeed, in part, the necessary conclusions of a non- 
archimedean geometry. But it should be carefully noted that 
such results have nothing to do with euclidean geometry, 7. ¢., 
with space as ordinarily conceived and treated. It is the 
author’s lack of appreciation of this fact, and his constant 
appeal to the intuition (and to even much less strict meta- 
physical persuasion) which robs the book of any value what- 
ever, even as a discussion of non-archimedean geometry. Even 
the archimedean axiom itself seems to be used implicitly at 


* See e. g., p. 10. 
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points, in assuming that the geometry is continuous in the 
ordinary sense, but the arguments are so intermingled with 
intuitional conclusions that it is wholly impossible to decipher 
just what axioms the author is implicitly assuming. It is 
scarcely necessary to state that the discussions of limits, infinite 
series, the parallel axiom,* derivates, etc., are riddled with 
errors; and the minor matters treated are no less free from 
gross mistakes. That Leibniz’s ideas of infinity are the near- 
est approach to the ideas of this book, as the author frequently 
asserts, is in itself a sufficient condemnation. 

The moral of the book concerns the thoughtless introduction 
of “differentials” in our ordinary books on elementary calculus. 
A “differential,” treated as an “infinitesimal,” or “ infinitely 
small quantity,” is precisely a non-archimedean number ; and 
no reasoning can be applied to a system of numbers in which 
such “infinitesimals” occur without an investigation of the 
extraordinary properties of such a non-archimedean (non-euclid- 
ean) arithmetic (or geometry). 

On the other hand, if differentials are to be introduced in the 
calculus, we may do so (in two dimensions) by considering the 
perfectly finite quantities 


d: 

dx = Az, dy = Ae, dy 
etc., where Az is a certain fixed finite increment of x chosen at 
pleasure. Such a treatment can be made perfectly rigorous, 
and the advantages (if any such exist) of the differential nota- 
tion can be preserved, while our geometry and arithmetic 
remain euclidean and archimedean. But the differentials here 
considered are perfectly finite quantities, with no taint of pecu- 
liarity or obscurity. 

The errors in conceptions and in modes of thought, induced 
in a student by the use of differentials in a loose sense, are well 
illustrated by the nature of the conceptions of this author. 
And on serious consideration the treatment of calculus by the 
use of “infinitely small” differentials must be discarded ¢ by 


Az’, 


* A “proof’’ of this axiom is given on p. 26. The author states that previ- 
ous proofs are lacking in rigor ! 

+ And to a minor extent, the ordinary calculus treatment of indeterminate 
forms, and of infinite series. 

t This statement of course presupposes that the elementary course on the 
calculus is to be based on euclidean geometry, and is to use intuitive proofs of 
theorems involving continuity and limits, to some extent. 
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any sincere writer as totally illogical in itself, and baneful in 
its effects upon the student. 

While this is but one phase of the book in hand, it is: the 
most important phase, to which all else is made subordinate. 
We will then note but one other point: namely, that the author 
protests against a violation of the axiom that two points always 
determine a straight line (page 44), but assumes that “a whole 
is greater than a part” even when the “ whole” in question is 
infinite (page 19). In both particulars the modern tendency 
is certainly quite the opposite. 

The philosophical portion of the book will not be criticised 
here, but it is scarcely felt that a philosopher would care to be 
sponsor for the statements made — certainly not for the style 
in which they are presented. The philosophical views of 
mathematical thought, and in particular of infinity and infini- 
tesimals, must surely take into account, however, the positive 
results now in the possession of mathematicians regarding the 
effect of the violation of the archimedean axiom upon our 
system of axioms and upon our conceptions of space. 

E. R. HEpRIck. 
SHEFFIELD ScrenTIFIC SCHOOL, 
November, 1902. 


SOME RECENT GERMAN. TEXT-BOOKS IN 
GEOMETRY. 


Lehrbuch der Elementar-Geometrie. Erster Theil, Planimetrie. 
Von Dr. E. Guinzer. Siebente Auflage. Dresden, Kiiht- 
mann, 1899. 4to, 120 pp. 

Grundriss der Geometrie. I. Planimetrie. Von J. H. Kita. 
Zweite Auflage. Dresden, Kiihtmann, 1900. 4to, 95 pp. 

Lehrbuch der Stereometrie. Von Dr. P. SAUERBECK. Stutt- 
gart, Kroner, 1900. 4to, 291 pp. 

Die Elemente der analytischen Geometrie. Zweiter Theil: Die 
analytische Geometrie des Raumes. Von Dr. F. Rupio. 
Dritte, verbesserte Auflage. Leipzig, Teubner, 1901. 4to, 
vi + 186 pp. 

TuE authors of the first two texts are connected with the 
institution in Hamburg known as the Allegemeine Gewerbe- 
schule und Baugewerkschule. One might expect accordingly 
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a general disregard of anything approaching euclidean rigor in 
their treatment of the subject. In fact, no precise statement of 
axioms or definitions is anywhere to be found in either book. 
The parallel axiom, as such, does not appear atall. Dr. Glinzer 
gives Euclid’s form, viz.: If two lines are cut by a third so that 
the sum of the interior angles on one side is less than a straight 
angle, these lines will, if sufficiently produced, meet on that 
side —as a proposition, the proof following it involving com- 
parison of infinite areas. The trivial nature of this proof is, 
however, emphasized by the setting in small type. The other 
author assures the pupil that the proof of the proposition: If 
two lines are cut by a third under equal alternate interior angles, 
the lines are parallel, does not necessarily imply the truth of the 
converse, but the correctness of the latter is easily established 
graphically. 

Irrational numbers receive scant attention, the propositions 
involving incommensurable lengths being regarded as relatively 
unimportant. The word “limit” is not mentioned at all, but 
the pupil is told off-hand to apply the formule for regular poly- 
gons to the case when the number of sides become infinite. 

All of this goes to show that, in this German industrial 
school, the facts of geometry are to be learned at any cost, the 
development of the student’s logical faculties being a matter of 
secondary importance. A geometric sense must be cultivated 
and the feeling instilled in the learner that drawing a figure is 
often half the battle in proving a theorem in geometry. To 
this end, much attention is paid to constructive geometry, a 
feature worthy of imitation in American texts. 

In extent the subject matter is much the same as the tradi- 
tional plane geometry. Type and figures are clear, but hardly 
up to the standard of our best American books. 


In the preface to Dr. Sauerbeck’s volume the author registers 
his opinion that “ the first object of solid geometry is the culti- 
vation of space intuition.” With this view the reviewer is 
heartily in agreement, and he believes that the usual American 
text-book contributes very little to this end. For the stress is 
felt by the student to be laid on the form of proof, and not on 
the content of the proposition. After a strenuous course in 
plane geometry, it may be assumed that euclidean form and 
rigor in demonstration have been acquired, and in the remainder 
of the course, emphasis should be put not on logical develop- 
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ment and sequence of propositions, but on the facts of solid 
geometry and spatial relations. The traditional course in 
American colleges supplementing the usual requirement in 
plane geometry for this reason results in a paltry addition to 
the sum of the student’s knowledge of geometry. How much 
greater would be the gain in power if an amount of ground 
could be covered similar to that presented in Dr. Sauerbeck’s 
text! For in pages 1-59 the author discusses the usual 
theorems involving metrical relations of planes and lines, but 
in addition such of the elements of projective geometry as 
naturally arise in the consideration of central projection, the 
principle of duality, ete. Next follows a section on crystal- 
lography, well done but of doubtful value. Section V, pages 
84-133, treating of the polyhedral angle and the sphere, is quite 
complete, including radical planes, axes, centers of similitude, 
etc. Following this (pages 133-211) surfaces of revolution are 
discussed, and in this section the subject of conic sections finds 
consideration, together with stereographic projection and appli- 
cations. The closing pages treat of mensuration. In these the 
theorem of Cavalieri is assigned its proper place beside the 
method of exhaustion. One wonders why this extremely simple, 
evident and powerful theorem has won no place in American 
texts. The theorems of Guldin are proven, but seem out of 
place, at least in their general form. The very general class of 
solids known as Simpson’s solids furnish an excellent example 
in cubature, and give, as analogous formule in the plane, the 
well-known Simpson’s rule for quadrature. A commendable 
featiire of the book is the large number of exercises, solved and 
unsolved. 

To repeat, the position of the author seems to the reviewer 
a very strong one, and it is to be hoped that the coming years 
will show a departure from the present prevalent practice of 
teaching solid geometry in our colleges after the manner of the 
secondary schools. 


Dr. Rudio’s book, with its companion volume on the plane, 
is deservedly popular in Germany. Evidence of great care and 
thoroughness in writing is everywhere abundant throughout 
the volume, and the result is a most excellent text. The prin- 
ciple of projection is adopted most wisely as fundamental, and 
the fixing of the algebraic sign of lengths, areas and volumes 
carefully treated. The author has kept strictly within the 
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limits set by the title, the book closing with a discussion of the 
elementary properties of quadrics, such as tangent planes, 
diameters, rectilinear generators, ete. The collection of exer- 
cises is large, and figures and type are clear and attractive. 


Percey F. Samira. 
SHEFFIELD ScienTIFIC SCHOOL, 
1 
? 


NOTES. 

THE opening (January) number of volume 4 of the Transac- 
tions of the AMERICAN MATHEMATICAL SociETY contains the 
following papers: ‘Orthocentric properties of the plane n- 
line,” by Frank Mor ey ; “ Definitions of a field by inde- 
pendent postulates,” by L. E. Dickson; “ Definitions of a 
linear associative algebra by independent postulates,” by 
L. E. Dickson; “Two definitions of a commutative group 
by sets of independent postulates,” by E. V. Huntineton ; 
“Definitions of a field (Kérper) by sets of independent postu- 
lates,” by E. V. Huntinaton ; “On the invariants of differ- 
ential forms of degree higher than two,” by C. N. Hasxkrns ; 
Ueber die Reducibilitat der Gruppen linearer homogener 
Substitutionen,” by AtrreD Loewy; “The quartic curve 
as related to conics,” by A. B. CoBLE ; “The cogredient and 
digredient theories ‘of multiple binary forms,” by EDwaRD 
KasneEr ; “On the envelopes of the axes of a system of conics 
passing through three points,” by R. E. ALLARDICE; “A 
Jordan curve of positive area,” by W. F. Osaoop. 


THE January number (volume 25, number 1) of the Amer- 
ican Journal of Mathematics contains: “The parametric rep- 
resentation of the tetrahedroid surface,” by D. N. LEHMER; 
“On ternary monomial substitution groups of finite order with 
determinant + 1,” by E. B. Skinner ; “On forms of unicursal 
sextic scrolls,” and “On forms of sextic scrolls of genus one,” 
by Virert SyypErR; “ Note on symmetric functions,” by E. 
D. Rog, Jr. 


THE number contains a portrait of Professor L. CREMONA. 


THE lectures delivered by Professor Oskar Bouza before 
the colloquium of the AMERICAN MaTHEMATICAL Society at 
Ithaca, N. Y., in August, 1901, will be published early in the 
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spring as one of the supplementary volumes of tae Decennial 
publications of the University of Chicago, under the title : “ Lec- 
tures on the calculus of variations.” 


THE committee on definitions of college entrance require- 
ments in mathematics, appointed by the AMERICAN MATHE- 
MATICAL Society at the summer meeting held at Evanston, 
September, 1902, presented to the Council, on December 29, a 
tentative report, in the form of a memorandum. In this memo- 
randum are defined the requirements in algebra, plane geometry, 
solid geometry, higher algebra, and plane trigonometry. Alge- 
bra covers the elementary subject through the progressions, with 
the note that a college finding it impracticable to meet this nor- 
mal requirement is advised to demand algebra through quadrat- 
ics, and that a college preferring to hold two examinations is 
advised to make the division immediately before quadratic 
equations. Plane geometry is defined as including the usual 
theorems and constructions of good standard text-books, the 
solution of original exercises, applications to problems of 
mensuration of lines and of plane figures, and to loci problems, 
Solid geometry is similarly defined. Higher algebra is taken 
to cover permutations and combinations, applications of the 
principle of mathematical induction, theory and use of loga- 
rithms (not involving infinite series), determinants, elements of 
the theory of equations (with graphic methods), Horner’s 
method, elements of the theory of complex numbers (with 
graphic representation, limited to sums and differences). Plane 
trigonometry is defined to include the six functions as ratios; 
the proofs of principal formulas, in particular the sine, cosine 
and tangent of A + B and of 2A, and the product expressions 
for the sum or the difference of two sines or of two cosines; 
the properties of logarithms and the use of tables ; the solution 
of triangles, with applications. 


THE first winter meeting of the American association for 
the advancement of science was held at Washington, D. C., 
during convocation week, December 29, 1902, to January 3, 
1903. Among the officers elected for the present year are: 
President of the Association, CarRoLL D. Wricut; Vice- 
President of Section A, A. H. Trrrmann; Secretary of 
Section A, L. G. WELD. The next meeting of the Associa- 
tion will be held at St. Louis in convocation week, 1903- 
1904. 
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Ar the ‘meeting of the London mathematical society held 
on December 11, 1902, the following papers were read: By 
Professor L. E. Dickson: (1) “The abstract group simply 
isomorphic with the group of linear fractional transformations 
in a Galois field ;” (2) “Generational relations of an abstract 
simple group of order 4080;” by Dr. H. F. Baxer: (1) 
“On the calculation of the finite equations of a continuous 
group,” (2) “On the integration of linear differential equa- 
tions,” (3) “On some cases of matrices with linear invariant 
factors ;” by Professor M. J. M. Hiti: “The continuation of 
the power series for arcsin x;” by Mr. E. T. WHITTAKER: 
“The functions associated with the parabolic cylinder in har- 
monic analysis ;” by Mr. H. M. Macponatp: “Some ap- 
plications of Fourier’s theorem ;” by Rev. F. H. Jackson: 
“Series connected with the enumeration of partitions ;” by Mr. 
W. H. Youne: “Sets of intervals, part ii: overlapping inter- 
vals;” By Mr. G. H. Harpy: “On the expression of the 
double zeta and gamma functions in terms of elliptic func- 
tions ;” by Mr. J. H. Grace: “ Perpetuants (second paper).” 


Oxrorp Universiry.—The following courses in mathe- 
matics are announced for Hilary term, 1903: By Professor W. 
Esson: Comparison of analytic and synthetic methods in the 
geometry of conics, two hours ; Synthetic geometry of cubics, 
one hour.—By Professor E. B. Exiiotr: Elements of elliptic 
functions, two hours.—By Professor A. E. H. Love: Attrac- 
tions and electrostatics, two hours; Theory of potential, one 
hour.—By Mr. A. L. Drxon: Calculus of finite -differences, 
one hour.—By Mr. J. E. CAMPBELL: Algebra of quantics, one 
hour.—By Mr. P. J. Kirxsy: Higher plane curves, two hours. 
—By Mr. C. H. Sampson: Solid geometry (continued), two 
hours.—By Mr. C. E. HaseiFoor: Theory of equations, one 
hour.—By Mr. J. W. Russet: Pure geometry, two hours. 
—By Mr. C. LeupEsporF: Geometry (maxima and minima, 
inversion, etc.), two hours. 


At the annual public meeting of the Paris academy of sci- 
ences, held on December 22, 1902, the following mathematical 
prizes were awarded: Grand prize, 3,000 francs, ERNEST 
Vessior ; very honorable mention, JEAN LE Roux; Bordin 
prize, 3,000 francs, not awarded; very honorable mention, 
W. pE TANNENBERG ; Franceur prize, 1,000 francs, 
LEmoIvE ; Poncelet prize, 2,000 francs, MauRICE D’OCAGHE ; 
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Extraordinary prize of 6,000 frances, divided between M. Roma- 
zoTti and M. Drrencourt. 


THE International congress of historical sciences, which was 
projected to be held at Rome in April, 1902, but was afterward 
postponed, will meet in that city on April 2-9, 1903. Eight 
sections have been arranged, of which the last is devoted to the 
history of mathematical, physical, natural and medical sciences, 
The invitations to participate in section VIII are issued by a 
committee of which Professor Gino Loria of Genoa is the rep- 
resentative of the interests of pure mathematics. Information 
concerning ‘the congress may be obtained by addressing the 
Segretariato generale del congresso internazionale di scienze 
storiche, Collegio Romano, via del Collegio Romano, 26, Rome. 


THE press of Girardi and Audebert, of Dole, France, has: 
recently issued a circular of information, in English, for the 
benefit of American and other foreign students who contem- 
plate attending the French universities. The circular covers 
particularly the questions of matriculation and degrees, but it 
also gives valuable information concerning the various univer- 
sity centers. The Report, just issued, of the U. S. Commis+ 
sioner of Education, 1901, volume 1, page 1113, gives similar 
information. 


THE first annual Sitzungsbericht of the Berlin mathematical 
society, has been reprinted from the Archiv der Mathematik und 
Physik, and published separately. Presumably it is intended 
to issue these proceedings annually in this form. 


THE following academic appointments and promotions have 
recently been announced: Dr. ALBERT BENTELI has been 
appointed professor of geometry in the University of Bern. Dr. 
A. SucHarpa has been made professor of mathematics in the 
Bohemian Technical high school at Brinn. Dr. V. Varicak 
has been made professor of mathematics in the University of 
Agram. M. GuirTrTon, of the lycée at Caen, has been ap- 
pointed to a lectureship in mathematics in the faculty of sci- 
ences in that city; M. Zorerri to an instructorship in mathe- 
matics in the Ecole normale supérieure, Paris. 


Amone recently elected foreign members of the Royal So- 
ciety are Dr. G. W. Hix and Professor Gaston Darsovx. 
The Society has awarded its medal to Professor Horace Lams 
for his investigations in mathematical physics. 
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Proressor Luier CREMONA, of Rome, has been elected a 
foreign member of the American academy of arts and sciences, 
of Boston. 


ProFessor C. Seere, of Turin, has been elected an honorary 
fellow of the Cambridge philosophical society. 


Mr. G. T. WALKER, fellow and lecturer of Trinity College, 
Cambridge, has been appointed director-general of the Indian 
meteorological bureau. 


LIEUTENANT Max GENTY, known through numerous mathe- 
matical contributions, died at Toulon on October 24, aged 35 
years. 


THE name of the eminent Russian mathematician whose 
death was noticed on page 223 of the January number of the 
BULLETIN should have been printed Professor NrkoLaus 
BuGAIEV. 


REcENT catalogue of second-hand mathematical works: Fr. 
Strobel, Jena; general science, including mathematics, 1012 
titles. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


AspeL (N. H.). Festskrift ved Hundredaarsjubilaeet for Niels Henrik 
Abels Fédsel. Christiania, 1902. 4to. 357 pp. 2 —— 6 
facsimiles. 14.50 


ABHANDLUNGEN zur Geschichte der mathematischen Wissenschaften mit 
Einschluss ihrer Anwendungen, begriindet von M. Cantor. Heft 14. 
Inhalt: A. A. Bjérno, Studien tiber Menelaos’ ayy Beitrige 
zur Geschichte der Sphirik und Trigonometrie der Griechen; H. 
Suter, Nachtriige und Berichtigungen zu “ Die Mathematiker und 
Astronomen der Araber und ihre Werke”; K. Bopp, Antoine 
Arnauld, der grosse Arnauld, als Mathematiker. Leipzig, Teubner, 
1902. 8vo. 8-+ 338 pp. 


Aut (F.). Untersuchungen iiber geoditische Linien. Kiel, 1901. 8vo. 
50 pp. M. 1.50 

(A. A.). See ABHANDLUNGEN. 

Bore (K.). See ABHANDLUNGEN. 


GEIGENMULLER (R.). Leitfaden und Aufgabensammilung zur hdheren 
Mathematik; fiir technische Lehranstalten und den Selbstunterricht 
bearbeitet, *Vol. I: Die analytische Geometrie der Ebene und die 
algebraische Analysis. 6te Auflage. Mittweida, Polytechnische 

Buchhandlung, 1902. 8vo. 7-+ 302 pp. Cloth. M. 6.50 
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Geenet (N.). Untersuchung zur Variationsrechnung. Ueber eine 
neue Methode in der Variationsrechnung. (Diss.) Géttingen, 
1902. 8vo. 75 pp. 


Gretner (A.). Ueber orthogonale Invarianten der Kurven dritter 
Ordnung mit unendlich fernem Doppelpunkt und ihre geometrische 
Bedeutung. (Diss.) Jena, 1902. 8vo. 41 pp. 


Hepeick (E. R.). The English and French translations of Hilbert’s 
Grundlagen der Geometrie. 8vo. 1902. (Bulletin of the Ameri- 
can Mathematical Society (2) 9, pp. 158-165.) 


Hetrner (G.). See Wererstrass (K.). 
Knosiaucn (J.). See Wererstrass (K.). 


KoeENIGSBERGER (L.). Hermann von Helmholtz. Vol. I.  Braun- 
schweig, Yieweg, 1902. 8vo. 12-+ 375 pp., 3 portraits. M. 8.00 


Koutra (W.). Beitrage zur nihe weisen Integration totaler Dif- 
ferentialgleichungen. Diss.) finchen, 1901. 19 pp. 


Loney (W.). Ueber das geometrische Mittel, insbesondere tiber eine 
dadurch bewirkte Anniherung kubischer Irrationalitaten. ( Diss.) 
Halle, 1902. 4to. 27 pp. 


Lupwie (W.). Die Horopterkurve, mit einer en | in die Oop 
der kubischen Raumkurve. Halle, Schilli 8vo. 
(Mathematische Abhandlungen aus dem 
Modelle von M. Schilling in Halle a. S. Neue Folge, No. 3.) 

M. 1.00 


Nernst (W.) und ScHOnruies (A.). Einfiihrung in die mathematische 
Behandlung der Naturwissenschaften. Kurzgefasstes Lehrbuch der 
Differential- und Integralrechnung mit besonderer Beriicksichtigung 
der Chemie. 3te Auflage. Miinchen und Berlin, Oldenbourg, po 
8vo. 10 


PascaL (E.). I eruppi continui di trasformazioni; parte jai 
della teoria. ilano, Hoepli, 1903. 16mo. 11+ 358 pp. 
(Manuali Hoepli.) 

——. Lezioni di calcolo infinitesimale. Parte II: Calcolo integrale. 
2a edizione, completamente riveduta. Milano, Hoepli. 1902." 16mo. 
8 + 329 pp. (Manuali Hoepli.) 

Perry (N.). Das Problem der konformen Abbildung fiir eine specielle 
Kurve von der Ordnung 3n. (Diss.) Miinchen, 1901. 8vo. 34 pp. 

Roveuet (V.). Etude géométrique des surfaces dont les lignes de 
courbure d’un systéme sont planes et égales. Marseille, 1902. 4to. 
43 pp. 

ScHOnFiies (A.). See Negnst (W.). 

STePHANSEN (M. A. E.). Ueber partielle a 4ter 
Ordnung, die ein intermediiires Integral besitzen. Kristiania, 
Cammermeyer, 1902. 8vo. 80 pp. M. 2.80 

Suter (H.). See ABHANDLUNGEN. 

Werezstrass (K.). Mathematische Werke. Vol. IV: Vorlesungen 
tiber die Theorie der Abelschen Transcendenten. Bearbeitet von 
G. Hettner und J. Knoblauch. Berlin, Mayer & Miiller, 1902. 4to. 
14 + 632 pp. M. 40.00 

Worneg (K.). Ueber eine besondere Gattung von Gruppen. Freiberg, 
1902. 8vo. 36 pp. M. 1.20 
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Il. ELEMENTARY MATHEMATICS. 


Acotini Ucouini (G.). La geometrica od esatta divisione sessagesimale 
della circonferenza, ossia la scoperta dell’angolo di un grado; geo- 
metrica inscrizione nel circolo dei poligoni regolari di 9 e 45 lati e 
loro consequenti; dimostrazione matematica. Sanseverino-Marche, 
Bellabarba, 1902. 8vo. 15. pp. 


Asuton (C. H.) and Marsu (W.R.). Plane and spherical trigonome- 
try; an elementary text-book. New York, Scribner, 1902. 8vo. 
10+ 157 pp. Cloth. 


Barpey (E.). Anleitung zur Auflésung eingekleideter algebraischer 
Aufgaben. 2te, véllig umgearbeitete A von F. Pietzker. 
Leipzig, Teubner, 1903. 8vo. 8-+ 159 pp. Cloth. M. 2.60 


Bécut (A.). See Dussavux (E.). 


BorTKevicn (I.). Elementary trigonometry, with exercises and prob- 
lems. 3d edition. St. Petersburg, 1902. 4to. 94 pp. 
3.00 


Brices (W.). Matriculation.advanced algebra and geometry; required 
for Syllabus in advanced mathematics of London University matri- 
culation examination. London, Clive, 1902. 12mo. 332 pp. Cloth. 
(University tutorial series.) 4s. 6d. 


Bruce (W. H.). Some noteworthy properties of the triangle and its 
circles. Boston, Heath, 1902. 12mo. 28 pp. $0.10 


ComBEeRousse (C. DE). Curso de matemfticas. Vol. I, parte 1: 
Aritmética, traducida del francés E. Prado, para uso de los 
alumnos del Colegio militar de fae éxico, Gallegos, 
1902. S8vo. 242 pp. 


Crawiey (E.S.). A short course in plane and spherical trigonometry. 
Published by the author. 8vo. 116+ 27 pp. Cloth. $1.00 


Dussaux (E.) et Bécué (A.). Troisitme année de géométrie dans 
Yenseignement primaire supérieur. Paris, Colin, 1902. 16mo. 
285 pp. (Collection J. Boitel.) Fr. 2.50 


Ernst (C.) und Stotre (L.). Lehrbuch der Geometrie zum Gebrauche 
an Gymnasien, Realschulen und anderen hdheren Lehranstalten. 
Teil 1: Planimetrie, nebst einer Sammlung von Aufgaben. 4te 
Auflage. Strassburg, Strassburger Druckerei und 
1903. 8vo. 109 pp. Boards. M. 1.50 


F. (F.). Géométrié (cours‘moyen). Paris, Poussielgue, [1902]. 16mo. 
191 pp. (Collection d’ouvrages classiques rédigés en cours gradués.) 


FoRMULAIRE de mathématiques spéciales, a l’usage des candidats aux 
écoles polytechniques, centrales, des mines, des ponts et chaussées, 
ete., (Algébre, géométrie analytique a deux et trois dimen- 
sions, trigonométrie, mécanique.) Paris, Rudeval, 1902. 18mo. 
75 pp. Fr. 1.25 


Gamepiot! (D.). Breve sommario della storia delle matematiche, con 
2 appendici’ sui matematici italiani e sui 3 celebri problemi geo- 
metrici dell’antichita. Bologna, 1902. 12mo. 239 pp. M. 2.50 
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Jacquet (E.) et Lacrer (A.). Cours de géométrie théorique et 
pratique, avee de nombreux exercices, problémes, applications, etc., 
a Vusage des écoles normales d’instituteurs et d’institutrices, des 
écoles primaires supérieures, des écoles professionnelles et des 
candidats au brevet supérieur. Paris, Nathan, 1902. 16mo. 
488 pp. 


JIMENEZ Ruepa (C.). Programa de geometria métrica. Madrid, 
Sufrez, 1902. 8vo. 20 pp. (Universidad central.) Fr. 1.00 


Kopre und DieEKMANN. Geometrie zum Gebrauche an héheren Unter- 
richtsanstalten. Teil 1 und 2 der Planimetrie, Stereometrie und 
Trigonometrie. Ausgabe fiir Reallehranstalten. Teil 1. (2lste 
Auflage.) 5te Auflage der neuen Bearbeitung von J. Diekmann. 
4+248 pp. Teil 2. (18te Auflage.) 2te Auflage der neuen 
Bearbeitung von J. Diekmann. 4-+ 268 pp. Essen, Baedeker, 
1903. 8vo. Cloth. M. 4.80 


Lacter (A.). See Jacquet (E.). 


LASALA ¥ AMIZAR. Elementos de matemf&ticas. Vol. I: Aritmética,. 
240 pp. Vol. Ii: Algebra, 304 pp. ‘México, Herrero, 1902. 8vo. 
$1.50 

Macé Lépinay (A.). See Vacquant’(C.). 


Matacopr (A.). Nozioni d’algebra elementare, con numerosi esercizi 
e problemi ad uso delle scuole tecniche e dei ginnasf. 3a edizione 
migliorata. Mirandola, Cagarelli, 1902. 8vo. 77 pp. Fr. 0.60 


Marsu (W. R.). See Asuton (C. H.). 


Martini ZuccaGni (A.). Trattato di algebra elementare ad uso degli 
istituti tecnici. Livorno, Giusti, 1902. 8vo. 10-+ 362 pp. 
Fr. 2.80 


Mayer (J. E.). Das mathematische Pensum des Primaners. Ein 
Hilfsbuch fiir den Primaner humanistischer und realistischer 
Gymnasien. (In 10-12 Heften.) Heft I: Progressionen, Zinseszins- 
und Rentenrechnung. Freiburg i. B., Lorenz, 1902. pp. 

. 1.00 


(E.). Lehr- und Uebungsbuch der ebenen Geometrie mit 
besonderer Beriicksichtigung des Zusammenhanges zwischen Lehr- 
satz und Konstruktionsaufgabe; fiir Gymnasien und Realschulen. 
Berlin, Winckelmann, 1903. 8vo. 6-+-172 pp. M. 1.80 


Nassd (M.). Aritmetica generale ed algebra ad uso dei licei secondo 
il programma governativo del 24 ottobre 1900, con copiose note 
storiche, molti consigli pratici per indirizzare Tl’alunno alla 
risoluzione degli esercizi, pid di 2200 esercizi e problemi graduati 
da risolvere e circa 400 esercizi e problemi minutamente risolti. 
2a edizione, interamente rifatta. Torino, Tipografia Salesiana. 
1902. 8vo. 504 pp. 


NIEWENGLOWSEI (B.). Cours d’algtbre, a V’usage des éléves de la 
classe de mathématiques spéciales et des candidates a l’Ecole 
polytechnique. 5e édition, entitrement refondue. Vol. II. Paris, 
Colin, 1902. 8vo. 492 pp. Fr. 8.00 


Paviov (N.). Methodology of the elements of arithmetic, for the 
guidance of the teacher. Kazan, 1902. 8vo. 270 pp.  (Rus- 
sian.) M. 2.00 
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PreTZKER (F.). See Barpey (E.). 
Prapo (E.). See Comperousse (C. DE.). 
PurYEAB (C.J. See Tayztor (T. U.). 


SHutin (G. 1.). Spherical geometry and trigonometry. 2d edition. 
St. Petersburg, 1902. 8vo. 151 pp. (Russian.) 


Spreker (T.). Lehrbuch der ebenen Geometrie mit Uebungsaufgaben, 
fiir héhere Lehranstalten. Ausgabe C. Abgekiirzte Kurse. 2te 
Auflage. Potsdam, Stein, 1903. 8vo. 4+ 205 pp. M. 2.00 


StotTe (L.). See Ernst (C.). 


Taytor (T. U.) and Punyear (C.). The eiements of plane and spher- 
ical trigonometry. Boston, Ginn, 1902. 8vo. 160+ 67 pp. Cloth. 
$1.25 


Test1 (G. M.). Sulla ricerca di una soluzione di una equazione di 
primo grado a due incognite. Livorno, Giusti, 1902. 8vo. 4 pp. 


—. Sulla risoluzione dei sistemi di diseguaglianze. Livorno, Giusti, 
1902. S8vo. 7 pp. 


Vacquant (C.) et Macé pe Lépinay (A.). Eléments de géométrie, 
& VPusage des classes de sciences. 2e édtion. Premier cycle 
(classes de cinquiéme, de quatriéme et de troisitme). Paris, Mas- 
son, 1903. 16mo. 435 pp. 


Ill. APPLIED MATHEMATICS. 


ALEXANDER (T.) and THompson (A. W.). Elementary applied me- 
chanics; with numerous diagrams, and a series of graduated ex- 
amples carefully worked out. London and New York, Macmillan, 
1902. 8vo. 20+ 575 pp. Cloth. $5.25 


AvERPACH (F.). Die Grundbegriffe der modernen Naturlehre. Leipzig, 
1902. 8vo. 4-+ 156 pp. M. 1.00 


BaRcHANEK (K.). Lehr- und Uebungsbuch der darsteilenden Geometrie. 
Leipzig, 1902. 8vo. 8+ 374 pp. Cloth. M. 5.00 


BiceELow (F. H.). Studies on the statics and kinematics of the 
atmosphere in the United States. Reprints from the Monthly 
Weather Review, January to July, 1902. Washington, Weather 
Bureau, 1902. 4to. 4-+ 62 pp. 


Biske (F.). Versuch einer Anwendung hydrodynamischer Unter- 
suchungen auf die Protuberanzen der Sonne. (Diss.) Berlin, 
1901. 8vo. 37 pp. 


BserKNEsS (V.). Vorlesungen iiber hydrodynamische Fernkrifte nach 
C. A. Bjerknes’ Theorie. Band II: Versuch tiber hydrodynamische 
Fernkrifte; Analogie hydrodynamischer Erscheinungen mit elektri- 
schen oder magnetischen. Leipzig, Barth, 1902. 8vo. 16+ 314 
pp- M. 10.00 


Burn (J.) and Brown (E. H.). Elements of finite differences, also 
solutions to questions set for part I of the examinations of the In- 
stitute of Actuaries. London, 1902. 8vo. Cloth. 7s. 6d. 


Dreyrus (L.). See Potncaré (H.). 
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EncestrOM (F. von). Lifférsikring. Del I och II: Be 
af premier och matematiska virden; férsikringsvilkor och premier. 
Stockholm, 1902. 8vo. 158 pp. 4.80 


Hecut (K.). Lehrbuch der reinen und angewandten Mechanik fiir 
Maschinen- und Bautechniker. Vol. III: Die graphischen Methoden; 
mit 225 Beispielen und einem Anhang. Dresden, Ktihtmann, 1903. 
8vo. 7 + 600 pp. M. 12.00 


Kracu (0O.). Studier over Pendulbevaegelsen. Kjébenhavn, 1902. 
Cloth. M. 4.00 


Laurent (H.). Traité de perspective, a l’usage des peintres et des 
dessinateurs de profession ou des personnes qui désirent se faciliter 
Vétude du dessin. Paris, Schmid, [1902]. 8vo. 76 pp. 


Lz Conte (J. N.). An elementary treatise on the mechanics of ma- 
chinery; with special reference to the mechanics of the steam- 
engine. New York, Macmillan, 1902. 12mo. 10-311 pp., 15 
plates. Cloth. $2.25 


Parent (L.). Perspective élémentaire. Paris, Schmid, [1902]. 8vo. 
95 pp., 36 plates. 


Porncaré (H.). Cours de physique mathématique. Figures d’équilibre 
d’une masse fluide; lecons professées 4a la Sorbonne en 1900, 
rédigés par L. Dreyfus. Paris, Naud, 1902. 8vo. 215 pp. 


ScHLOTKE (J.). Lehrbuch der darstellenden Geometrie. Teil I: 
Specielle darstellende Geometrie. 5te (Titel-) Auflage. 4-+ 167 
pp. Teil II: Schatten- und Beleuchtunglehre. 3te Auflage. 60 
pp. Teil III: Perspektive. 2te Auflage. 5-+ 133 pp. Dresden, 
Kthtmann, 1902. 8vo. M. 10.00 


——. Lehrbuch der graphischen Statik. Zum Gebrauche fiir mittlere 
technische Lehranstalten, Bau-, Maschinen- und Gewerbeschulen. 
2te verbesserte und vermehrte Auflage. Dresden, Kiihtmann, 1902. 


Tuomson (A. W.). See ALEXANDER (T.). 


TrutaT (E.). Traité général des projections. 2 vols. Paris, 1902. 
8vo. Fr. 12.00 
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